During the last few years several authors have tried to generalize the concept of Pad& approximant to multivariate functions and to prove a generalization of Montessus de Ballore's theorem. We refer, e.g., to J. Chisholm and P. Graves-Morris
such that a,(f*q-p)anm+n+m+l (1) where a,, the order of the power series, is the degree of the first nonzero term (a term zfl . * . Z$J is said to be of degree k, + ..* + k,). Note the shift of the degrees of p and q over nm. In [3] we proved that this problem always has a nontrivial solution for the b,,. .jp.
Once we have calculated a pair of polynomials (p, q) that satisfies (1) we are going to look for the irreducible form (p,,,,/qc,,,) (z) of (p/q)(z). Different solutions (pl, q,) and (p2, q2) of (1) have the same irreducible form since we can prove the equivalency of the solutions; i.e., [4] (p1q*)(z) = (p*q,)(z) vz E @P.
BY computing (p(n,m)lq(n,m) )(z), possibly a polynomial t(z) has been cancelled in the numerator and denominator of (p/q)(z). Thus the degrees of p(,,,, and q(n,m) may be shifted back a bit. We can easily show that [4] and this justifies the following definition. Let d denote the exact degree of a polynomial, DEFINITION 1.1. We call a, pcn,m) = apcn,mj -aOq,n,mJ the pseudo-degree of P(,,,, and aI qcn,m) = dq,,.,, -aoqc,,,, the pseudo-degree of q(n,m,.
For these pseudo-degrees we can write the inequalities Now we can formulate the definition of multivariate Pad6 approximant. DEFINITION 1.2. The (n, m) multivariate Padt approximant ((n, m) MPA) is the irreducible form (pcn,m,/qcn,mJ.z) of (p/q)(z) where p and q satisfy ( 1).
Because we cancelled t(z) in the numerator and denominator of (p/q)(z), the pair of polynomials (p t,,,,(z), q,n,m,(z)) no longer necessarily satisfies (1) . However, the following results hold.
Analogously to the univariate case, we can show that [4] with 12 max(n - Note that the degrees are shifted over nm = 1. A solution of (1) The shift nm was equal to 2, but we could only divide out a polynomial t(z) with a,r = 1. So doqcl,2J = 1 and this leftover of the shift of the degrees has an influence on a,(f. qc,,2j --P~,,~)). The pseudo-degrees are 8, pc,,2, = 2 -%qc1,2j d 1 and ~lq~l,2~ = 3 -&qll,2) < 2. We will restrict ourselves now mainly to those multivariate Pad& approximants where &qcn,mJ = 0 and thus where the denominator starts with a constant term. The shift over nm has disappeared in this case.
MONTESSUS DE BALLORE THEOREM
The ring H(B(0, p1 ,..., p,)) of holomorphic complex-valued functions in B(0, p,,..., p,) inherits its topology from the ring C(B(0, pl,..., p,)) of continuous complex-valued functions in B(0, P,,..., p,) and the topology on C(B(0, p, ,..., p,)) is given by the following metric. Let (Kj)j be a sequence of compact subsets of B(0, pl,..., p,) such that and for elements f, g E C(B(0, p 1 ,..., p,)) define
where Ilf-gllK,=su~z.K, I(f-g)(z)1 (this value is a well-defined finite real number since f is continuous and Kj is compact). So the topology of ff(W, PI >..., Pp )) is that of uniform convergence on compact subsets.
As a consequence we shall mean by Before going on to the question of convergence of multivariate Padt:
approximants, we want to repeat a univariate theorem that will serve as a starting point for our generalization. For the proof we refer to [6, p. 903.
THEOREM 2.1. Let f be a meromorphic function of one complex variable in {ze C 1 IzI <p} with poles gl,..., g, (counted with their multiplicities). Then for m fixed, m 2 p, there exist m -p points g, + , ,..., g, and a subsequence of ((p~,,,,/q~,,,,)(z)). converging uniformly to f on compact subsets of{~~CII~I<p}\{g~l16~6m}.
Montessus de Ballore's well-known univariate convergence theorem is obtained as a corollary. We shall now try to formulate the multivariate analogon of this theorem. From now on, for m fixed we shall always denote by the subsequence of ((p~,,m,/q~n,,,)(z))n for which ~oq~n~k~,m~=O. So the denominator of every element in S, starts with a constant term different from zero; i.e., qCnlkbml(0) # 0. 
Suppose that qcn,mj(z) has been normalized such that
We can also bound (g, .f)(z) by From the multivariate analogon of Theorem 2.1 we now get the following multivariate corollary. COROLLARY 2.1. Suppose f (z) is analytic in the origin and meromorphic in B(0, p1 ,..., pP) with a pole set given by G,. Let S, not be a finite set. Then Ihe sequence ((PWW q(n(k),p) I )(z))~, i.e., the eiements in S,, converges to f uniformly on compact subsets of B(0, p,,..., p,)\G, and the sequence (4 (n(k),&))k conuew to g,,(z) uniformly on compact subsets of NO, P I,..., PJ; i.e., the poles of (PC+)+) qCn(k),P) i )(z) converge to the poles of J:
Proof In the proof of Theorem 2.1 we obtained that S, contains a convergent subsequence q(niCk),p) (z) --, q(z) uniformly on compact subsets of BP, PI,. .., p,) and that G, n B(0, pi ,..., p,) is a subset of Q n B(0, p, ,..., p,) . Here aq<,a=ag,.
Since each of the irreducible factors in g,(z) (counted with its multiplicity) has points inside B(0, p,,..., p,) where it vanishes, we know that each of the irreducible factors in g,(z) is also a factor of q(z) [l, p. 2321. Hence q(z) = g,(z). Consequently the whole sequence (qCnCkj,Jz)) must converge to g,,(z) uniformly on compact subsets of B(0, p1 ,..., p,) since every subsequence contains a uniformly convergent subsequence to g,(z) on compact subsets of B(0, p 1 ,-., P,), and the whole sequence (P~~~~~,,&)) converges to p(z) uniformly on compact subsets of B(0, pI,..., p,). So we can finish the proof as in Theorem 2.2.
DISCUSSION
We shall now discuss the differences between these theorems and the results obtained by other authors.
Many We refer to [6] where this kind of remark is made for the rational approximants introduced by the Canterbury group and those introduced by Karlsson and Wallin. We refer the reader to [lo] where he or she can establish a serious gap in the convergence proofs for Lutterodt's approximants because this remark is not taken into account. for k+ cc and K a compact subset of B(0, pi, p2)\{zoC2 I z,=O.l}. In Table 4 .1 one can find the function values of the (n, 1) MPA (n = O,..., 18) for z1 = 0.5 and z 2 = 0.2, which is outside the region of convergence of the Taylor series development. One can compare these values with J-(0.5,0.2) = -3.9001665833531.
All the computations were performed in double precision arithmetic. 
